By introducing an integral operator, a norm with a weight function, and two pairs of conjugate exponents, we find the conditions for the Hilbert-type integral inequalities with a homogeneous kernel of −λ-degree. We also prove that the constant factors in the inequalities are all the best possible. As the particular situations, some new inequalities with a homogeneous kernel and their other two forms are given. We extend some previous results.
Introduction and preliminaries
If p > 1, 1/p 1/q 1, f x , g x ≥ 0, f ∈ L p 0, ∞ , and g ∈ L q 0, ∞ , such that 0 < 
K x, y f x g y dx dy
Tg, f is the formal inner product of Tf and g, f p or g q is the norm of function f in L p 0, ∞ or function g in L q 0, ∞ .
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If K x, y is a real measurable function and satisfies K ux, uy u −λ K x, y λ > 0, u > 0 for x, y ∈ 0, ∞ × 0, ∞ , then K x, y is called a homogeneous function of −λ-degree. Hence, K x, y 1/ x y in 1.2 is called a homogeneous kernel function of the integral operator T and inequality 1.1 is called an inequality with the homogeneous kernel of −1-degree also.
Recently, inequality 1.1 has been extended by introducing some parameters 3-6 . A reverse Hilbert-Pachpatte inequality was first proved by Zhao and Debnath 7 . Zhong and Yang 8, 9 gave some reverse inequalities concerning some extensions of 1.1 . About the Hilbert-type integral inequalities with a symmetric homogeneous kernel, Krnić and Pečarić have researched 10 . Zhong and Yang found the conditions for the multiple Hilbert-type integral inequalities with a symmetric kernel 11 . Xie got a Hilbert-type integral inequality with an unsymmetrical homogeneous kernel of −3-degree 12 . Xie's work, as we will see in Remark 3.3, is a special situation of our results for λ 3 and s r 2.
By introducing an integral operator T , a norm f p,ω with a weight function and two pairs of conjugate exponents p, q , r, s in this paper, we find some conditions under which the Hilbert-type integral inequalities with a homogeneous kernel of −λ-degree and their reverse forms and equivalent forms hold, here the homogeneous kernels K x, y can be unsymmetrical. We also prove that the constant factors in these inequalities are all the best possible. As applications of the theorems, some new inequalities with a homogeneous kernel and their other two forms are given.
For these purposes, we introduce some notations as follows.
If p > 1, 1/p 1/q 1 and r > 1, 1/r 1/s 1, a norm of f with the weight function ω x is defined by
where f x , ω x ≥ 0 are measurable in 0, ∞ . If f p,ω < ∞, then it is marked by f ∈ L p ω R for 0 < p < 1 or q < 0, we still use the formal mark 1.3 in the following .
Supposing that K x, y ≥ 0 is a measurable function in 0, ∞ × 0, ∞ and defining an integral operator T , for f, g ≥ 0,
Tf y :
then we have the formal inner as follows: 
then one has
Proof. By the −λ homogeneity of the kernel K x, y , for x > 0, and setting u y/x, we have
and for y > 0, letting x y/u, by dx − y/u 2 du, it is easy to find that
12 is valid. The lemma is proved.
one has
Proof. By the −λ homogeneity of the kernel K x, y , for x > 1 and setting u y/x, we have
1.17
It follows that
By the nonnegative measurability of K x, y and using Tonelli theorem 14 , we have
1.19
In view of 1.18 and 1.19 , we have 1.16 . The lemma is proved.
Main results
Theorem 2.1. 
is a positive number depending only on the parameters λ, s, then one has
Assume, without lose of generality, that A / 0, then we have
which contradicts with the facts that f ∈ L p ω R and f p,ω > 0. Hence, 2.3 takes the form of strict inequality. So does 2.4 . Then, we obtain 2.1 .
Supposing there exists a number 0 < C ≤ C λ s , such that 2.1 is still valid when C λ s is replaced by C, then for n ∈ N, we have
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2.9
But by 1.15 and 1.16 , we have
2.10
In view of 2.8 , we have
Then by Fatou lemma 14 , we have
2.12
Hence, the constant factor C C λ s is the best possible. Proof. 1 Since 0 < p < 1, we can use the reverse Hölder inequality 1.11 . Using the combination as in 2.3 and using the notations 1.9 and 1.10 , we have If there exists a positive number C ≥ C λ s , such that 2.16 is still valid when C λ s is replaced by C, then for n ∈ N, setting f n x and g n y as 2.9 , we have
But by 1.16 , we have
2.22
In view of 2.21 , we have
Also by the nonnegative measurability of K x, y , we can use Fatou lemma and obtain
2.24
Hence, the constant factor C C λ s is the best possible. 
2.28
It follows that 
2.30
